Anisotropic damage distribution and evolution have a profound effect on borehole stress concentrations. Damage evolution is an irreversible process that is not adequately described within classical equilibrium thermodynamics. Therefore, we propose a constitutive model, based on non-equilibrium thermodynamics, that accounts for anisotropic damage distribution, anisotropic damage threshold and anisotropic damage evolution. We implemented this constitutive model numerically, using the finite element method, to calculate stress-strain curves and borehole stresses. The resulting stress-strain curves are distinctively different from linear elastic-brittle and linear elastic-ideal plastic constitutive models and realistically model experimental responses of brittle rocks. We show that the onset of damage evolution leads to an inhomogeneous redistribution of material properties and stresses along the borehole wall. The classical linear elastic-brittle approach to borehole stability analysis systematically overestimates the stress concentrations on the borehole wall, because dissipative strain-softening is underestimated. The proposed damage mechanics approach explicitly models dissipative behaviour and leads to non-conservative mud window estimations. Furthermore, anisotropic rocks with preferential planes of failure, like shales, can be addressed with our model.
I N T RO D U C T I O N
The classical approach to borehole stability analysis is based on the framework of equilibrium thermodynamics, but the processes leading to borehole instability and failure are irreversible and therefore have to be addressed in a non-equilibrium thermodynamics framework. The standard approach to borehole stability is two-staged: first, the borehole stresses are calculated within an elastic framework; secondly, these stresses are compared against a stress-based failure criterion (e.g. Mohr-Coulomb) to determine if borehole failure occurs.
The elastic stress equation used for a borehole in an isotropic formation is usually referred to as the Kirsch solution, after the historical paper of Kirsch (1898) . The Kirsch paper provides the stress distribution around a circular hole in an infinite plate under uniaxial tension. The borehole problem is more complex and a more generalized version of the Kirsch solution is needed (e.g. Hiramatsu & Oka 1968) . The derivation of these stress equations is outlined in an accessible manner in several textbooks (e.g. Charlez 1991; Jaeger et al. 2007) . For an anisotropic elastic formation, the Amadei solution (Amadei 1983) has to be used.
The relationship between borehole induced stresses and compressive wellbore failure (so-called breakouts) was established in the late 1970s and early 1980s (Bell & Gough 1979; Plumb & Hickman 1985; Zoback et al. 1985) . The measurement of borehole breakouts with caliper or image logs is now an established method to constrain in situ stress orientation and magnitude (e.g. Peska & Zoback 1995; Zoback et al. 2003) .
If complementary coupled physical processes, such as poro-, thermo-and/or chemo-mechanics are considered, they are classically implemented into the elastic response via an extension of Hooke's law (Detournay & Cheng 1988; Abousleiman & Ekbote 2005) . Recent progress in irreversible thermodynamics allow to account for the dissipative nature of such coupled processes (Coussy 2004) .
Ignoring dissipative processes potentially introduces errors into calculations of the upper and lower limits of borehole stability (the so-called 'mud window'). Dissipative strain softening is classically ignored which leads to overestimation of the borehole pressure required to stabilize the formation. In this sense, the classical approach is conservative in terms of predicting the borehole stresses. Ewy (1998) points to this problem and states that the Mohr-Coulomb failure criterion is too conservative when applied to the wellbore situation; he addresses this shortcoming by introducing a new failure criterion (i.e. the modified Lade criterion) instead of considering a non-linear elastic response close to failure. A comparison of the most common stress-based failure criteria can be found in Zoback (2007) and Fjaer et al. (2008) .
Furthermore, phenomena like progressive failure cannot be described with classical approaches, because the mechanical breakdown of a rock formation is intrinsically a dissipative process. In this contribution, we formulate an approach to overcome these limitations and present a mathematical model of anisotropic damage mechanics, based on non-equilibrium thermodynamics. We apply this approach to borehole breakouts in anisotropic elastic-brittle rock formations.
The constitutive model developed in this contribution fundamentally differs from the excess compliance approach (Budiansky & O'Connell 1976; Kachanov 1987) which utilizes a microcrack density tensor to describe the effect of internal surfaces on elastic properties. The excess compliance approach is static and does not consider dissipative processes such as the evolution of the microcrack density. It is nonetheless an effective way to describe the elastic response of microcracks and is widely used in the field of elastic wave propagation with applications ranging from non-destructive testing to borehole acoustic logs and exploration seismology. Kachanov (1958) and Rabotnov (1968) first described material degradation (damage) in the context of continuum mechanics. Kachanov (1958) interpreted damage as a reduction of the surface area of an intersection plane through a representative volume element (RVE) due to microstructural discontinuities, such as microcavities. These microstructural discontinuities reduce the surface area of the RVE that is load bearing. If the RVE is loaded uniaxially with the force F the stress acting effectively on the remaining surface of the damaged material is higher than it would be for the virgin material. This is known as the effective stress principle (Rabotnov 1968) and forms the basis for the geometrical interpretation of damage phenomena.
The continuum damage mechanics approach does not prescribe the microstructure that causes the damage (e.g. microcracks) but rather uses a damage parameter to define the effect of damage on the free energy of the system. This free energy function needs to retain its convexity to ensure a unique solution for the static problem. Lyakhovsky et al. (1997) point out that the loss of convexity of the free energy function can be interpreted as a criterion for strain localization (Rudnicki & Rice 1975) .
Damage is usually quantified by a dimensionless variable that ranges from zero for intact material to one for completely damaged material; both are hypothetical end-members. Apart from scalar damage variables (Lemaitre & Chaboche 1978) , vectorial damage variables , second rank damage tensors (Murakami & Kamiya 1997) and fourth rank damage tensors (Onat & Leckie 1988) have been proposed in the literature to account for material damage. Odd order tensors are generally not used because they possess no rotational invariance (Onat & Leckie 1988) . In this contribution, we use a second rank tensor to describe material damage. The role of this damage tensor is akin to that of an inelastic strain tensor.
Finally, it should be noted that continuum damage is not identical with what is called 'formation damage' in drilling jargon. 'Formation damage' refers to any near-wellbore impairment of permeability related to the drilling, completion or production process. This permeability impairment can stem from mechanical damage, but is mainly caused by infiltration of mud solids or cement slurry into the formation.
The theoretical framework developed further in this contribution emerged in the late 1980s. Lemaitre & Chaboche (1990) pioneered the use of irreversible thermodynamics (Callen 1960 ) as a framework for a unified description of inelastic deformation and the internal structural changes associated with material damage. They used an approach that merged irreversible thermodynamics and solid mechanics to derive constitutive models, such as proposed by Coleman & Noll (1963) . Ziegler (1977) consolidated a multitude of constitutive models in the theory of thermomechanics based on the underlying principle of maximum dissipation. Collins & Houlsby (1997) applied thermomechanics to geomaterials and used internal variables and the Legendre-Fenchel transform to relate the dissipation potential to yield surface and flow rule. A detailed description of this method, coined hyperplasticity, can be found in Houlsby & Puzrin (2006) .
One important feature of the hyperplastic formalism is that the yield surface and flow law are functions of generalized thermodynamic stresses and not true stresses. Rather than using Legendre-Fenchel transformations, we used the equivalent method of direct maximization to relate the dissipation potential to the damage threshold and damage evolution law, which are functions of a generalized stress as well. As Lemaitre & Chaboche (1990) point out, it is important to distinguish between damage and plasticity, because both processes may operate simultaneously. We present an approach that we label hyperdamage formalism.
The current work extends the continuum damage mechanics models of Karrech et al. (2011a) , which applies the principles of continuum damage mechanics to deformation processes in the lithosphere and that of Karrech et al. (2011b) , which describes material failure at high temperature and pressure in isotropic geomaterials. It is based on a non-equilibrium thermodynamic framework. Within this framework, we postulate a free energy and a dissipation function for the consistent derivation of the material's constitutive behaviour. In contrast, classical approaches use purely empirical constitutive laws.
This paper relaxes the hypothesis of isotropy and mainly focuses on the brittle regime to address failure in the upper crust. The current formalism is therefore particularly useful for applications in the petroleum and geothermal industries and carbon dioxide geosequestration. These industries generally employ modelling approaches based on reversible thermodynamics or classical plasticity theory. Indeed, Cheng & Dusseault (2002) outlined the advantages of damage mechanics for problems like borehole stability, hydraulic fracturing, coupled transport processes and shearing of compacting reservoirs. Unlike previous contributions (Regenauer-Lieb et al. 2010; Karrech et al. 2011a,b) which use a scalar damage variable, here we focus on directional failure characteristic for many industrially relevant rock types such as shales, carbonates and sandstones and avoid being restricted to isotropic idealizations. We put special emphasis on the implications of anisotropic dissipative processes for borehole stability. The authors are not aware that a similar anisotropic damage mechanics approach has been applied to borehole stability so far.
First, we present the derivation of a constitutive relation accounting for anisotropic damage nucleation and evolution based on irreversible thermodynamics. Secondly, we describe its implementation into the finite element code, Abaqus (ABAQUS 2000), via its user material subroutine. Thirdly, we elucidate the importance of anisotropic damage by comparing pre-failure stress distributions around boreholes obtained from intrinsic elastic anisotropy (Amadei 1983) to those due to pre-existing anisotropic damage. We conclude with a discussion of the influence of damage evolution on borehole stability.
G OV E R N I N G E Q UAT I O N S

Thermodynamic derivation of damage formulation
Our formulation of anisotropic continuum damage follows a thermodynamic approach that has the following fundamental advantages over the classical mechanical derivation. First, the degrees of freedom are reduced to the thermodynamically necessary number. Secondly, the evolution equation for the underlying dissipative processes emerges from the derivation and is not assumed ad hoc as in classical approaches. Thirdly, the formulation inherently leads to a full thermodynamic coupling of the state variables. This approach shifts the attention from postulating a yield function and a flow rule to deriving them from the Helmholtz free energy and dissipation potential.
To this end, we define the Helmholtz free energy as a function of two tensorial state variables: strain and damage. The respective partial derivatives of the energy function provide the damaged stressstrain relationship as well as the thermodynamic force associated with the damage. Then we postulate the dissipation potential as a function of damage rate. We use Ziegler's principle of maximum dissipation (Ziegler 1977) to relate the dissipation potential to the damage threshold and damage evolution law. The damage evolution law is derived as an incremental relationship and is implemented into the finite element code Abaqus.
We consider the Helmholtz free energy as a function of strain and damage parameter = ( ij , D ij ). The undamaged material is assumed to be isotropic. We develop after the invariants of the strain and damage tensors tr( )
The first and second terms incorporate the first and second invariants of the strain tensor, respectively. They represent the energy associated with elastic deformation. The third and fourth terms incorporate the coupled invariants. They represent the energy associated with damage at a given strain. The first strain derivative of the Helmholtz free energy gives the damaged stress tensor
The second strain derivative of the Helmholtz free energy is the damaged elasticity tensor
where I = 1 2 (δ ik δ jl + δ il δ jk ) is the fourth-order identity tensor and the Kronecker delta δ i j ≡ 1 acts as the second-order unity tensor. The form of the undamaged elasticity tensor (D ij = 0 for i, j = 1, 2, 3) is known
By assuming that the undamaged material is isotropic, we can identify ξ 1 and ξ 2 in terms of the Lamé parameters
Hence, we can express the fully coupled damaged-elasticity tensor as
The Cauchy stress in the damaged configuration can be expressed as σ =ã , which enforces direct state coupling and corresponds to the aforementioned principle of effective stress (Rabotnov 1968) . According to the principle of conservation of angular momentum, this tensor has to be symmetric. Therefore, the fourth-order tensor a i jkl should satisfy the following symmetry properties:
By means of identification, it can be shown that the off-diagonal terms of the damage tensor D i = j are zero (see Appendix eqs A1-A4). The same conclusion could also be drawn by using the uniqueness of strain energy which requires that
The full expression of the fourth-order damaged elasticity tensor eq. (6) can be simplified by including only the diagonal terms of the damage tensor. When the material is fully damaged, the elastically stored energy tends to zero. Again, we use the fact that the undamaged material is isotropic and deduce
The chosen form of the Helmholtz free energy enables us to model three different symmetries of anisotropic damage. The material damaged is 
Strain coupling
It is important to note that in the isotropic case the damage parameter does not affect Poisson's ratio (similar to the development of Lemaitre & Chaboche 1990) . However, this constraint is relaxed in the anisotropic cases. In the orthorhombic case, the Poisson's ratios are expressed as
with
We prove herein that ν ij is independent of D ij if and only if We prove by transposition (contrapositive) that damage has to be isotropic if the Poisson's ratio is independent of damage
where at least two components of the damage tensor are unequal (
.
The effect of isotropic and anisotropic damage on the Poisson's ratio is shown in Fig. 1 . The dashed blue line represents the case where all the damage components increase simultaneously (D 11 = D 22 = D 33 ). The material remains isotropic and the Poisson's ratio remains constant. The solid lines represent the cases where two damage components remain zero and one component increases. In these cases, the material develops a transverse isotropic symmetry and the Poisson's ratio is no longer independent of the damage evolution (here we show the ν 12 ). The continuum mechanics approach becomes invalid after a certain critical damage value is reached and the material fails completely (Lemaitre & Chaboche 1990) . The critical damage is a material parameter that has to be determined experimentally. The critical damage value (D c = 0.8) shown in Fig. 1 is an example only and Lemaitre & Desmorat (2005) suggest values as low as D c = 0.5 based on theoretical considerations.
So far, we only regarded pre-existing damage to obtain the stiffness matrix. In the following section, we will discuss damage threshold and evolution based on a dissipation potential.
Damage evolution
To derive the law governing the damage evolution, we have to consider the dissipative nature of damage. The Helmholtz free energy is a function of the external state variables X and the internal state variables x. In contrast, the dissipation D is a function of the internal state variables x and their thermodynamic fluxes q = dx/dt. In the most general thermodynamic sense, dissipation can be defined as the power of the dissipative processes
where f are the thermodynamic forces associated with the internal variables x. In this paper, we consider an elastic-brittle material. Hence, the only internal variable is the tensorial damage parameter D. The thermodynamic force associated with D is Y , which can be expressed as a function of strain and is sometimes referred to as the Lemaitre damage force (Lemaitre 1996) . Using eq. (9), it can be shown that
The dissipation in our elastic-brittle material is therefore given by the double contraction of the tensors of damage force Y and damage rateḊ
The dissipation has to be a non-negative quantity, and we can see that eq. (15) is an intrinsic term of the Clausius-Duhem inequality, Downloaded from https://academic.oup.com/gji/article-abstract/193/3/1095/604112 by guest on 31 January 2020 which can be interpreted as a local form of the second law of thermodynamics
where dS/dt is the rate of entropy production associated with damage and T is temperature. Note that if temperature varies the dissipation function would contain two terms D = −Y :Ḋ − q T · gradT . The first term is the intrinsic dissipation D i and the second term is the thermal dissipation D t . Coleman & Noll (1963) postulate that the Clausius-Duhem inequality has to hold for every admissible process in the medium under consideration. Therefore, D i and D t are both considered independent and non-negative. We are here considering the isothermal problem T = const. and gradT = 0 and the ClausiusDuhem inequality can be simplified D = −Y :Ḋ ≥ 0.
Principle of maximum dissipation
We use the principle of maximum dissipation (Ziegler 1977) , which states that if the dissipation D depends on the flux of the internal variable only [e.g. D = D(Ḋ)] and the flux is prescribed, the actual dissipative force that is realized is the force that maximizes D
with the constraint that signifies the onset of damage evolution, the so-called damage threshold
In the thermodynamic approach, the relationship between f and the dissipationḊ is established via a Legendre-Fenchel Transformation (Houlsby & Puzrin 2006) . This implies that the threshold f is derived using the principle of maximum dissipation, rather than postulated, as in classical mechanics.
In this paper, we use an alternative approach by formulating the optimization problem of the principle of maximum dissipation. The Lagrangian of the optimization problem is
We optimize with respect to Y by finding the extremal point of the Lagrangian
whereλ is a Lagrange multiplier that is yet to be determined. We formulate the damage threshold in a way convenient for the subsequent derivation
where M is the directional damage evolution parameter and Y 0 is a linear function of the damage parameter Y 0i = η i · D ii + constant, with η being a hardening parameter. In a thermodynamic sense, these parameters are the fundamental set of linear independent material parameters. They can be obtained through experimental means (stress-strain curves). For anisotropic rocks, these measurements have to be conducted along the principal material axes. We can summarize the material behaviour of our elastic-brittle medium using the damage threshold f = 0 and d f = 0 ⇒ damage evolution
To implement the damage evolution into a finite element simulation, we derive an incremental stress-strain relationship for the material behaviour after the onset of damage
This requires determining the total differential of the damage d D and considering the constraints imposed by the damage threshold f = 0 and d f = 0. First, we establish the total differential of the
Since the Lagrange multiplier is still undetermined, we can choosẽ λ =λ and thereby obtain
We now can identify the multiplier dλ:
We use d D = −dλM to develop the incremental relationship further.
Inserting the identity of the multiplier (eq. 27) yields
and the fact that M : η is a scalar, we obtain a new expression for the incremental relationship
Note that can be identified as
The derivative of f with respect to the dissipative force is
From eq. (20), we can express the damage evolutionḊ
The derivative of f with respect to the damage is
Downloaded from https://academic.oup.com/gji/article-abstract/193/3/1095/604112 by guest on 31 January 2020 and the double contraction of M and η finally gives
The incremental relationship (eq. 31) is implemented into the finite element code. The six independent parameters M i and η i permit modelling the damage evolution and the damage threshold, respectively.
A P P L I C AT I O N T O B O R E H O L E S TA B I L I T Y
A classical borehole stability analysis usually consists of two steps. First, the stresses acting on the borehole wall and in the formation in proximity of the borehole are determined assuming linear elastic behaviour. Secondly, these stresses are checked against a stress-based failure criterion. This approach essentially decouples the stress and failure analysis and is known to overestimate the stresses (over conservative 'mud window'). The constitutive model derived in the previous section is fully coupled and takes into account the dissipation of elastic stresses due to irreversible damage processes. The purpose of this section is to show how the borehole stresses are impacted by damage evolution.
In the following, we outline the classical approach for determining the borehole stresses. The classical elastic problem has to take into consideration three coordinate systems: orientation of the borehole, orientation of the stress field and orientation of the material (if anisotropic), which is far from trivial. We show how the borehole stresses are calculated for an isotropic formation. This isotropic formation will act as the background and reference medium against which we compare the effects of damage evolution. Amadei (1983) derived the complete analytical solution for the linear elastic problem covering an arbitrarily oriented borehole in a general anisotropic medium subjected to a non-hydrostatic in situ stress field. We will not repeat his results here, but use the Amadei solution to benchmark our model for pre-existing anisotropic damage distribution with an effective anisotropic elastic medium. Gaede et al. (2012) validated the Amadei solution with a 3-D finite element model. They also presented a hybrid numerical-analytical work flow that eliminates the need to change the model geometry for different borehole orientations by using tensorial transformations of the stress boundary conditions and the elasticity tensor. The same work flow can be applied to the finite element model used in this contribution. Fig. 2 depicts the relationship between the geographic and the borehole reference frame as well as the principal directions of the in situ stress field. The geographic reference frame is the north-eastvertical (NEV) frame whose x-axis points to the north, y-axis points to the east, and z-axis points downwards in vertical direction. The borehole frame is the top-of-hole (TOH) frame whose z-axis points along the borehole in the direction of increasing depth. The x-axis is in the cross-sectional plane and points to the most upward direction, and the y-axis is found by rotating the x-axis 90
Borehole orientation
• in the cross-sectional plane in a direction dictated by the right-hand rule. Without loss of generality it is assumed that one component of the in situ stress field is parallel to the vertical axis of the NEV frame. The angle γ is measured between the maximum horizontal stress component and the north axis. In this contribution, we assume that It is convenient to express quantities like borehole stresses or borehole displacements in terms of cylindrical coordinates. Again we use the TOH reference frame; the angular coordinate θ is zero when the radial coordinate r is parallel to the x-axis (i.e. in the direction of the top of the hole point). For a vertical hole, θ is zero in direction of the maximum horizontal stress.
Borehole stresses
The regional or in situ stress field acts as the external boundary condition for our model. The stress field is a second-order tensor that can be expressed in terms of its principal components where σ H and σ h are the maximum and minimum horizontal stresses, respectively, and σ V is the vertical stress in the NEV frame. The in situ stress field has to be rotated into the TOH borehole system for further calculations (Amadei 1983) . For a borehole that is aligned with one of the principal directions of the regional stress field, no shear stresses act on the borehole wall. For every point on the borehole wall, the stress field can be expressed in terms of the radial stress σ rr , the circumferential or Hoop stress σ θθ and the longitudinal stress σ zz .
The borehole pressure (i.e. 'mud weight') is the internal boundary condition of our model and always equal to the radial stress σ rr . Away from the borehole or for non-aligned boreholes, shear components (σ rθ , σ rz , σ θ z ) exist in the TOH frame (Hiramatsu & Oka 1962; Fairhurst 1968) . The determination of the borehole stresses from a given in situ stress field is outlined below.
Solution for isotropic background medium
The borehole problem can be posed in two ways, with stress or displacement boundary conditions. In our case, we determine the borehole stresses for a given in situ stress field and a known borehole pressure. This is achieved by solving the Beltrami-Mitchell equations, which are obtained by inserting Hooke's equations into the compatibility equations (see, e.g. Charlez 1991 ). We present the solution for a vertical borehole in an isotropic elastic rock formation ('Kirsch's Problem') to highlight some of the characteristics of a typical borehole stress field.
where R is the borehole radius, r is the distance from the borehole centre, p w is the borehole pressure and ν is the Poisson's ratio of the formation. The solution implies that, on the borehole wall, (1) no shear stresses act, (2) the radial stress σ rr is equal to the borehole pressure and (3) the Hoop stress σ θθ shows the strongest azimuthal dependency.
and
Azimuthal changes of the Hoop stress lead to an area with low compressive or tensile stress in the direction of σ H and to an area with high compressive stress in the direction of σ h . These areas are the most likely positions for hydraulic fracturing and borehole breakouts, respectively.
Numerical model
The non-linear response of a material undergoing damage evolution cannot be calculated analytically. We used the finite element code Abaqus (ABAQUS 2000) to calculate the stresses around the borehole and to track the evolution of damage induced by the borehole stress concentration. To this end, we implemented our constitutive model (eqs 6 and 31) via a Fortran user-subroutine into Abaqus. We simulated a full 3-D model, because out-of-plane stress and strain components cannot be considered in 2-D models. Furthermore, the model cannot be reduced to one quadrant exploiting the rotational symmetry of the problem as usually done for linearisotropic simulations because the material symmetries and property distribution are not known a priori, due to the anisotropic damage evolution. Our model consists of a cube with an edge length of 5 m. The borehole is placed in the centre of the cube and is modelled as a cylinder with a radius of 0.1 m. The finite element mesh is made up of 38 064 quadratic hexahedral elements with 165 572 nodes.
In terms of computational time requirements, static models (preexisting damage and no evolution) are about 100 times less expensive than dynamic models (models which involve damage evolution). The mesh is refined in a cylindrical region around the borehole, which has a radius of six borehole diameters (0.6 m). In this region, the mesh density is increased linearly and the size of the innermost elements is six times smaller than the size of the outermost elements of the cylindrical region. The stress concentration induced by the borehole and the associated damage abates inside this finely meshed region.
We used this 3-D model for two sets of numerical experiments. First, we benchmark our user-subroutine by assuming a pre-existing anisotropic damage distribution in an isotropic background medium without damage evolution. Thus, the model is static and the response is elastic. We determined the equivalent effective elastic medium with eq. (6) and used an analytical expression for the borehole stresses (Amadei 1983) .
Secondly, we investigated the influence of damage evolution on borehole stress distribution. We assumed an isotropic background medium with different isotropic and anisotropic damage thresholds (eq. 21). The numerical results for these models are compared with analytical borehole stresses for an isotropic undamaged medium (eq. 39).
R E S U LT S
Material properties
The stress-strain curves shown in Figs 3 and 4 are examples of the constitutive behaviour that can be modelled with the anisotropic damage model. For both examples, we assumed an isotropic background medium with a Young's modulus of E = 1.852 GPa, a Poisson's ratio of ν = 0.22 and an initial isotropic damage of D ii = 0.1. For the first set of stress-strain curves (Fig. 3) , we kept the damage evolution parameter fixed (M = 1.0) and varied the hardening parameter η. The onset of non-linear behaviour (i.e. onset of damage evolution) and the peak strength are shifted towards higher values with increasing η. The post-peak behaviour for all three media is very similar, because they have the same damage evolution parameter.
The second set of stress-strain curves (Fig. 4) was obtained by keeping the hardening parameter constant (η = 0.5 MPa) and altering the damage evolution parameter. As expected the onset of damage evolution is the same for both curves; but the strain softening in the medium with the higher damage evolution parameter is more severe, which leads to a lower peak strength.
These stress-strain curves are distinctively different from idealized constitutive models, such as linear elastic-brittle or linear elastic-ideal plastic. First, the onset of irreversible non-linear behaviour and the peak strength do not coincide. Secondly, the postpeak behaviour exhibits severe strain softening. Fig. 5 shows the damage evolution that is responsible for the non-linear behaviour and strain softening. The value of damage is seen to increase in a linear fashion after the axial strain surpasses the damage threshold at an axial strain of 0.01. This behaviour is known from laboratory measurements where the damage can be tracked by acoustic emissions (e.g. Lockner et al. 1991; Lockner 1993) . After reaching a critical damage of 0.8, we consider the material to have failed macroscopically and the continuum damage mechanics formulation is no longer valid for the failed element. Therefore, we switch off the damage evolution at this particular value of maximum damage. Our constitutive model does realistically reproduce the characteristics of experimental stress-strain curves for brittle rocks under low-to-medium confining pressures ('reservoir conditions'). Such experimental data are available for rocks like sandstones (Okubo & Fukui 1996; Stavrogin & Tarasov 2001) , granites (Stavrogin & Tarasov 2001) , marbles (Li et al. 1998) and shales (Nguyen et al. 2007) . Furthermore, our constitutive model has the ability to capture anisotropic strength, as the damage hardening parameter η and the evolution parameter M can have different values in the three spatial directions (Oakland & Cook 1998) . Figs 3 and 4 exemplify the influence of the damage hardening parameter η and the evolution parameter M on the stress-strain curves. In principle, all choices of parameters feature a similar behaviour in the sense that a damage threshold exists where damage leads to non-linear behaviour and the stress eventually reaches a peak strength. This is also true for the evolution of the damage parameter, as we are considering damage as the only additional state variable to strain in our material model. The quantitative relationship between the hardening parameter/the evolution parameter and damage is derived in eqs (21)-(36).
Elastic case
One benchmark experiment is shown in Fig. 6 . The elastic parameters of the background medium are E = 90 GPa and ν = 0.3. The damage distribution is transversely isotropic (D 11 = 0.7, D 22 = D 33 = 0.0). The boundary conditions are applied as stresses simulating an in situ stress field with a maximum horizontal stress of S Hmax = 20 MPa, a minimum horizontal stress of S hmin = 10 MPa, a vertical stress of S V = 30 MPa and a borehole pressure of B P = 5 MPa.
Due to the static nature of the model, an effective elastic response can be determined with eq. (6). The solid lines in Fig. 6 are the analytical solution for the borehole stresses (Amadei 1983) and the dotted lines are the numerical results. The match between numerical and analytical results is practically perfect. This result can be reproduced for arbitrary combinations of values for D 11 , D 22 and D 33 , which successfully benchmarks our user-subroutine for isotropic background media with pre-existing anisotropic damage distribution and no damage evolution.
Dissipative case
To examine the effect of damage evolution on stress distributions around boreholes, we compare a model with isotropic damage evolution ( Fig. 7) with a model with anisotropic damage evolution (Fig. 8) . The isotropic background material for the two models is the same as for the stress-strain curves (Figs 4 and 3) ; that is a Young's modulus of E = 1.852 GPa, a Poisson's ratio of ν = 0.22 and an initial isotropic damage of D ii = 0.1. The damage hardening tensor has a constant value of η i = 0.55 MPa. In the isotropic model (Fig. 7) , the components of the damage evolution tensor are all equal M i = 1.0. In the anisotropic model (Fig. 8) , we used M = diag[1.0, 1.5, 1.0]. The results show a significant decrease especially in Hoop stress σ θθ by about 3 MPa at θ = 90
• and variation of about 2 MPa in terms of σ zz as compared to the isotropic damage case.
To visualize the anisotropic damage distribution in space, we considered a borehole in a formation submitted to a maximum principle stress of 20 MPa, a minimum principle stress of 10 MPa and wellbore pressure of 5 MPa. We also used a Young's modulus of 1.852 GPa and a Poisson's ratio of 0.22. The initial directional damage distribution and hardening terms are, respectively, D ii = 0.1 and η i = 0.55 MPa. The directional evolution terms are selected M 1 = M 3 = 0.9 and M 2 = 1.1. Fig. 9 shows the results of this simulation in terms of damage distribution. A complete agreement was observed in Figs 9(a) and (c) which correspond to the first and third directions, respectively. The evolution of the second component of the damage tensor D 22 leads to a significant higher degree of material degradation in this direction. Damage reaches its maximum on the borehole wall and D 22 reaches up to 0.5.
The results show that the evolution of damage leads to redistribution of stresses around the borehole. In both cases, the stresses acting directly on the borehole wall are reduced (i.e. the elastic energy is dissipated). Furthermore, the new stress distribution is a tell-tale sign of inhomogeneous material property distribution. This is due to the fact that the damage is at first induced in the compressive regions around the borehole. This inhomogeneous stress redistribution is a first-order effect in comparison to the difference between isotropic and anisotropic damage evolution (i.e. the reduction in borehole stress in Figs 7 and 8 is significant in comparison to the elastic case in both figures, whereas the difference between the isotropic and anisotropic damage is not).
Our results, showing damage evolution confined to the compressive region around the borehole, address a commonly observed drilling issue: borehole breakouts. As mentioned before, the classical approach to borehole breakout prediction is to calculate the borehole stresses under the assumption of elasticity and compare these stresses in as second step against a stress-based failure criterion (the so-called rock strength). Ewy (1998) pointed out that the most common failure criterion (Mohr-Coulomb) is in many cases too conservative for determining the minimum mud weight required to prevent borehole breakouts. Several other failure criteria have been suggested in the literature and the debate is ongoing (Zoback 2007; Fjaer et al. 2008 ). This debate is centred on the second step, the rock strength. The above results back our hypothesis that the assumption of elasticity does not hold due to localized dissipation in the compressive region around the borehole. We therefore suggest to revisit the first step of the classical approach to borehole stability, the borehole stresses, as well. isotropic elasticity of intact materials, anisotropic elasticity due to pre-existing damage and non-linear anisotropic elasticity due to progressive failure. The constitutive model is therefore especially useful for brittle rocks and for analyzing geotechnical processes that damage the formation rock (this is not limited to borehole problems and might include mine excavations). We used this model to investigate the stability of a hypothetical borehole in a formation that is susceptible to damage and subjected to a non-isostatic stress field. One of the most important results is that the damage evolution (isotropic and anisotropic) leads to inhomogeneous distribution of material parameters (Fig. 9) , because the damage is concentrated in the areas of high compressive stress around the borehole. This result is in clear conflict with the classical concept of a homogenous circular 'plastic' zone around the borehole. This effect is plausible, because it derives from the non-isostatic stress field around a borehole. Furthermore, it is enhanced by, but not exclusive to, anisotropic formations.
Our research contributes to the discussion about conservative versus non-conservative failure criteria and their applicability to the borehole problem (e.g. Ewy (1998) , also see Zoback (2007) for an extensive summary). We emphasize not only that the failure criteria need to be revisited, but that the non-linear elastic response of the formation close to failure has to be considered as a first-order phenomenon. Our model explicitly includes non-linear elasticity and reproduces experimental stress-strain curves of geomaterials under similar conditions. It is a widely recognized shortcoming of linear elastic-brittle models, that they do not include complete stress-strain curves.
This increased complexity comes at a price: (1) due to non-linear nature of the model, numerical methods are imperative, (2) the derivation is more mathematical than an empirical model and (3) the interpretation of results is not straightforward. One question that we need to tackle in the future is, where to draw the line between damage of the near-wellbore formation and a proper breakout (i.e. spalling off of formation into the borehole). Nonetheless, we believe this additional effort is warranted, because of the predictive strength of our model and it's foundation on first principles. The fact that we can model a hardening (damage threshold expands) and material weakening simultaneously is made possible by the direct coupling of the state variables strain and damage.
Our approach can incorporate several extensions which could be relevant to borehole stability, because it is based on a nonequilibrium framework. We previously explored chemo-elastoviscosity (Regenauer-Lieb et al. 2009 ) and the work of Shao (1998) uses similar concepts and shows the extendability of damage mechanics to poroelasticity. In a forthcoming publication, we will address the coupling between chemical weakening and damage mechanics.
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The two possible dyadic products of the damage tensor with the identity tensor (the resultant tensors are given in a matrix representation, according to the Voigt notation) 
Next we show the two possible single contractions of the unity tensor with the damage tensor (the resultant tensors are given in a matrix representation, according to the Voigt notation).
